HANKEL AND TOEPLITZ TRANSFORMS ON H!:
CONTINUITY, COMPACTNESS AND FREDHOLM
PROPERTIES

M. PAPADIMITRAKIS AND J. A. VIRTANEN

ABSTRACT. We revisit the boundedness of Hankel and Toeplitz
operators acting on the Hardy space H' and give a new proof
of the old result stating that the Hankel operator H, is bounded
if and only if ¢ has bounded logarithmic mean oscillation. We
also establish a sufficient and necessary condition for H, to be
compact on H'. The Fredholm properties of Toeplitz operators on
H*! are studied for symbols in a Banach algebra similar to C 4+ H>
under mild additional conditions caused by the differences in the
boundedness of Toeplitz operators acting on H! and H?2.

1. INTRODUCTION AND MAIN RESULTS

Let D = {z € C : |z] < 1} be the unit disk of the complex plane

Cand T = 0D = {(€C : |(|] =1} be the unit circle. The usual
Lebesgue spaces for T are denoted by LP = LP(T) and we write

FQO~ > F)m

n=—oo

for the Fourier series of a function f in L'. The Hardy spaces for T are

defined by
Hp:{fELp : f(n):Oforn<O}
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and their variants by HY = {f S f(n) =0 forn < O}. We also
define the spaces HP = {f e L? : f(n) =0 forn> 0} and the corre-

sponding variants H! = {f eLr: f(n) =0 for n > 0}.
The M. Riesz Theorem says that the Riesz projection P, defined by
+oo
Pf(¢) ~ > F(n)¢"
n=0
for every f(¢) ~ :Lrio_oo fA(n)Q”, is a bounded operator LP — HP? when
1 < p < oo; note, however, that the operator P is not bounded either
on L' or L*®. We also define a related operator P, : L? — HE by
Pif(¢) ~ :g (n)¢™ and denote the complementary projection of P
by Q : L — HE, Qf(C) ~ 3.1 _ f(n)¢". We say that Pf is the
analytic part and @ f is the antianalytic part of f.
The Toeplitz operator T, with symbol a € L? is defined by

T.f = P(af)
and the Hankel operator H, by
Hof = P(aJf),
where J is the “flip operator” defined by

Both operators T, and H, are obviously well defined for analytic poly-
nomials, i.e. for finite sums f(¢) = ZfLO f(n)(” The set of analytic
polynomials is dense in each H? (1 < p < 400) and there are classi-
cal results which specify, for every particular value of p, the necessary
and sufficient conditions on the symbol a so that these operators are
extended as bounded or even compact operators on H?. It is easy to
see that T, is not compact whenever a is not the zero function. The
situation is described by the following Theorems 1.1-1.5.

Theorem 1.1. Let 1 < p < 4o00. Then T, is bounded on H? if and
only if a € L*™.

Theorem 1.2. (Nehari, forp = 2) Let 1 < p < +oo. Then H, is
bounded on HP if and only if Pra € BMO.

Theorem 1.3. (Hartman, forp =2) Let 1 < p < 4o00. Then H, is
compact on H? if and only if Pia € VMO.

In the case of the space H! the results are slightly more complicated.
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Theorem 1.4. (Stegenga, 1976, for real or antianalytic a; Janson-
Peetre-Semmes, 1984; Tolokonnikov, 1987; Cima-Stegenga, 1987) The
Toeplitz operator T, with symbol a is bounded on H' if and only if
a € L and Qa € BMOyg.

Theorem 1.5. (Janson-Peetre-Semmes, 1984; Tolokonnikov, 1987;
Cima-Stegenga, 1987) The Hankel operator H, is bounded on H' if
and only if Pia € BMO,.

The purpose of the first part of the article is to give a new proof of
Theorem 1.5 together with a precise estimate of the operator norm of
H, and to prove the analogous result about the compactness of H,,
that is, we prove the following two theorems.

Theorem 1.6. The Hankel operator H, is bounded on H' if and only
if Pra € BMOog, in which case

~

[Hollzr s = || PrallByoy,

where A < B means that there are two positive numerical constants c¢q
and co so that c; < % < ¢o for all values of the independent variables
in A and B.

Theorem 1.7. The Hankel operator H, is compact on H' if and only
’Lf Pla € VMOlOg.

The second part of this article deals with spectral properties of
Toeplitz operators. The case of continuous symbols was recently stud-
ied in [14]. Here we consider symbols that are not necessarily continu-
ous. The motivation comes from the well-known result on the Fredholm
properties of Toeplitz operators on HP (1 < p < oo) with a € C'+ H>,
due to Douglas [6] when p = 2. This suggests the following theorem,
which is indeed the best we can hope for because of the differences
in boundedness and compactness of the operators determined by the
underlying spaces H' and H?.

Theorem 1.8. Let a € V + H® N BMOj, =V + (W N BMOyy),
where V = C' N VMOy,,. Then the following conditions are equivalent:

(1) T, is Fredholm on H', that is, kerT, and cokerT, are both of
finite dimension;

(2) a is invertible in the algebra V + H> N BMOy4g;

(3) a is bounded away from zero, that is, there are € > 0 and 6 > 0
such that

la(z)| > € forl—0§<|z| <1,
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where a(z) for z € D is defined via the harmonic extension—see (1)
below; in this case for any 1 —d <r <1

Ind 7, := dimker T, — dim coker 7, = — ind a,

where a,(¢) = a(rC) for all € T and ind a, is the winding number of
the function a,.

2. PRELIMINARIES

In this section we consider some (known) results from harmonic anal-
ysis. The Poisson extension of f € L' at z € D is given by

(1) & =5 [ s L

and the Szegd projection of f at z by

P =5m [ Hac

2mi Jp ( — 2

For 1 < p < 400 and every f € LP the limit lim,_,;_ f(r{) = f(Q)
holds for almost every ¢ € T and also in the L? sense. Since f(z) is a
harmonic function of z € D, it is also called the harmonic extension of
fin D.

On the other hand, for 1 < p < +o00 and every f € LP, the limit

lim Pf(r)

exists for almost every ( € T and, when 1 < p < +oo, this limit is
equal to Pf(¢) (where P is the Riesz projection) in both the almost
everywhere sense and in the LP sense. In the case p = 1, the limit
Pf(¢) = lim,_,;_ Pf(rC) serves as the definition of the function Pf
which, as is well known, belongs to the space L1 of weak-L! functions.
In all cases Pf(z) is an analytic function of z € D.

If1 <p< +o0 and f € LP, the Poisson extension of Pf € LP at
every z € D is equal to Pf(2):

L2
/ PI(C 1'”|d

while if 1 < p < 400 and f € HP, then (obviously) Pf(¢) = f(¢) and

REE (0
PIE) = ) = 5= [ FO= 1l = 5 [ £

for every z € D.
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We next consider the space of functions of bounded mean oscillation
and its important (logarithmic) subspaces. A function f is in BMO if
f € L' and

[ral® = Sup g /!f — fr]]d¢| < +o0,

where the supremum is taken over all arcs I of T, f; = m f ; F(O)]dC|
and |I| is the length of I. The space BMO is a Banach space under
the norm || f|smo = |£(0)] + || f||. We also have the space BMOA of
analytic functions in BMO, defined as BMOA = BMONH! = {f €
BMO : f(n) =0 for n < 0}.

It is well known that L> C BMO C LP for every p < +o0 and that
for every f € BMO

—_|~|2 1
2) 1l = sup%/Wf‘ |C_JjL|d<D .

The subspace VMO of BMO contains by definition all functions f €
L' for which

Jim s 170 = il =0
We also define VMOA = VMO NH'. The space VMO is the closure
in the space BMO of the set of all polynomials (or, equivalently, of
all continuous functions). Also, f € BMO belongs to VMO if and
only if lim,_1_ || f» — fllBMmo = 0, where the function f, is defined by
£0) = £(rC).

Somewhat less known are the spaces BMO),, and VMO, and their
variants BMOA,, and VMOA),,. These are defined as follows. A
function f is in BMOy, if f € L' and

log ‘4[—"“
1l = s =l [ 17(0) = flldc] <+,

where, again, the supremum is taken over all arcs I of T. The space
BMO)qg is a Banach space under the norm || f||smo,,, = ROESF-
We define BMOA,; = BMOy,, NH".

It is obvious that BMO;,; € BMO. The following estimate

_ 2 1— |22 3
) Wl = (swptoe? = [ 170) = £2)Fr=2pglacl)

where f € BMO),, requires a similar consideration as in the case of the
space BMO, starting with the analogue of the John-Nirenberg theorem.
The proofs do not seem to have been recorded anywhere but they are
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almost straightforward and, in any case, these facts have been used
many times in the literature.
The logarithmic Lipschitz space Lipi,g is defined by

Lipus = {775 C & sup log 1 1£(0) = S0 < o0
¢meT |C 77’

This is a space of continuous functions under the norm

-~

4
1 [Lipy, = 1£(0)] + sup log m——|f(¢) — f(n)].

cner ¢ =

The space Lipi,g is continuously imbedded in BMOy,, and the main
result of [9] is:

(4) BMOyog = {f +Pg : f,g € Lipog } -
In particular, if A € BMOog, there are f,g € Lipi, such that h =

f+ Pg and

£ Wiy + 19 llLipy,, < €llRllBnion,

where ¢ is a positive numerical constant.
The subspace VMO, of BMO),, contains by definition all functions
f € L for which

T / F(C) = filldc| = o.

=0+ 1 11j<s ||

We also define VMOA,,;, = VMO, NH 1. The following two results
will be needed several times.

Theorem 2.1. For the logarithmic VMO space, we have the following
characterization:

(5) VMO]Og = {f + Pg : f)g € hplog}>

where lipog stands for the so-called vanishing logarithmic Lipschitz
space defined by

liplogz{fELiplog: lim sup log : !f(C)—f(n)|=0}-

3=0+c_pi<s ¢ — 7|

Theorem 2.2. For f € BMO,,, the following conditions are equiva-
lent:

(1) f € VMOqg;
(2) limy1 |7 f — f”]31v10log =0, where 7, f(C) = f(C7) forn,¢ € T;
(3) limy 1 || fr — f”BMolog = 0, where f.(¢) = f(r() for ¢ € T.
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The following descriptions are also useful:

(6) {a € L™ : Qa € BMOy} = Lipjog +H™
and
(7) {CZ e L>: QCL € VMO]Og} = hplog +HOO

These can be verified by means of the characterizations in (4) and (5);
for example, if a = [ + h € lipjog +H*°, then a € L* and Qa = QI €
VMO, and conversely if a € L*™ and Qa € VMO, then Qa = f+ Py
for some f, g € lipiog, S0 Qa = @ f, which implies that a — f € H* and
we can write a = f + (a — f) € lipiog +H>.

For each arc I we define S(I) ={ze€D:0<1—|z| < l”, i € I},
called the Carleson “square” with base I. A positive Borel measure p
in D is called a Carleson measure if

p(S))
su
T
where the supremum is taken over all arcs I of T. It is known that p
is a Carleson measure if and only if there is a constant ¢ so that

® [ [1rerae) < o [irora,  fer

and that, if ¢ is the smallest constant for which this inequality holds,

n(S(1))
sgp T

< 400,

(9) c =

In this connection, we have a function f € L! in BMO if and only
if the Borel measure |V f(2)|*(1 — |z|*)dm(z), where dm is the area
measure, is a Carleson measure and

1
10) sl = (swwppr [ [ 19RO 2Pdm(z))”
Similarly, f € L' is in VMO if and only if

(11) lim sup m// IVF(2)[P(1 - |z]*)dm(z) = 0.

§—0+ I, |]|<5

Of course, in the case of f € H! we may replace Vf(z) by f/(z) in the
above characterizations of BMO and VMO.
Analogously, for functions f in BMO,,e, we have

2 47 1

- Su log” 1 ()
02) ISl = (s [[ 9P~ yim ()
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Note also that there exists a positive numerical constant ¢ so that for
every f € BMOA and every z € D:

(13) FG)] < elflowolos T

Conversely, there exists a positive numerical constant ¢ so that for every
z € D there exists an f € BMOA with

(14) [flleso = 1, [f(2)] = clog

Also, if f € VMOA then

1=z

(15) im AL

|z]—1— IOg ﬁ
Finally, we shall use the inequality

[(Fr9) ] < ellfllallgllsmon,
where the binary form (-, ) is defined by

(frg) = hm—/ﬂ Oldc| = hm—/frc Ocdc.

The Fefferman-Stein duality which is induced by this binary form says
that BMOA is isomorphic to (H')*. It is also true that, under the same
binary form, H' is isomorphic to (VMOA)*.

3. PROOF OF THEOREM 1.6

Proof. Before proceeding to the proof, note that the part a — Pya of
a plays no role in the Hankel operator H,. Indeed, for all analytic
polynomials f the function (a — Pja)Jf is antianalytic and, hence,
H,f = Hp,,f. We may thus suppose in all that follows that a = Pja
or in other words that

(16) a(n) =0, n < 0.

We recall that BMOA is isomorphic to the dual space of H' and it
is easy to see that, formally at least, the dual operator to H, on H! is
H, on BMOA. This means that

<Haf7 g> = <f7 Hag>

for all analytic polynomials f and all ¢ € BMOA. Hence, we need to
prove that H, is bounded on BMOA if and only if @ € BMOy,, and
that

| HollBMOA5BMOA X HaHBMolog

under the assumption (16).
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Sufficiency. Let a € BMO),, satisfy (16) and take an arbitrary
f € BMOA. Then

a(QOCF(Q) ;. _ 1 / b9 4o

Haf(z)_Qm/ (—z dCZQ_m' r C(—z

where we set b(¢) = Ca(¢) and g(¢) = f(¢). It is obvious that
b € BMOA,,; with [|b|smo,,, = llal/Bmo,, and that g € BMOA with

l9llBmo = [If lBumo-
Throughout, the symbol ¢ denotes a numerical constant, not neces-

sarily the same at each occurrence. We have

Haf) ) = 5 [ TS

L [HOGO @), L [ b
" K g [

L[ 0O =GO =G,
5 | et 4+ g(W ().

Applying the Cauchy-Schwarz inequality together with (2) and (3), we
get

(Hpy P < o[ PO [bte) = M) 2 e / lgt¢) = g(=)I = i) + elg()20 ()2

+0|g( INCIG]

< cfbl Hgll2

( ’ ‘ )210g 1_1‘2

This, for every arc I of T, implies

1 "1 = |2 dm(z

m//s([)!(ﬂaf) ()21 - |2[2)dm(2)

< ol | / T
1—|z]2

+erm / / 9(2) — g PIB )L — |2)dm(z)
+elglen) oy / JRGCIUNERTE
(17) —A+B+C,

where z; is the point in the middle of the internal side of S(I), defined
by 1 — |z| = 2% and 5 =midpoint of I.
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Let us first estimate the term A. A direct calculation of the integral,
using polar coordinates, gives
A< e bl
1]
1

(18) < ez lallbuo,, I/ o
11|

Observing that |1 — Zz7z| =< |I| for all z € S(I) and considering the
Borel measure du(z) which is equal to |V/(2)[*(1 — |2]*)dm(z) on S(I)
and equal to zero on D\ S(I), we find using (8) and (9) that

’g )‘ / _22 m(z
B < c|f|// LL R - e)dm(:)

J))/Ig (=1)?
< c|I sup — d¢
"J LT <|2 !
< eonp MO [ 150) - e
7 |J| ¢ = i
S(J
19) < dglzsup X
sl
Estimating “(‘Ig}i])) — s (JI?JTS(I))’ we observe that we need only consider

arcs J having nonempty intersection with /. In the case |J| > |I],
wEI) < MO Tf 7| < |1, then J C 31, where 31 is the arc with
the same midpoint as I and with length three times the length of I.

Hence, in both cases we get using (12)

u(S()) ’
NCCICH supu,// V()L — |2[2)dm(z)

7 || JC3I
< csu b
< s B
1]
1
S 0174_#” [
1]
Therefore (19) implies
1
B < ey DIl

1]
1
(20) < c—57= lallivo,, I fI[Emo-
longl—‘ BMO), BM
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Finally, (12) and (13) imply

C < clblilglimo
(21) < C”CLHBMOIOngHBMO
Now, estimates (18), (20) and (21) together with (17) imply

1
m/[q(l)|(Haf)'(Z)|2(1—|Z|2)dm(z) < cllalEmon, I 3o

and, taking the supremum over all arcs I and using (10),

[Hoflls < cllallsmoy, | flIBmo-
On the other hand,

[HJO)P < c/T|Haf(<)|2|dC\ = C/Ia(C)IQIf(C)IQIdCI

o [aortact)* ([ 150ract)’

CHGHZBMO”]C”ZBM < CH“”BMolong“BMo-

The last two estimates show that

IA

IN

[HofllBrMo < cllallsmo, || fllBMo

and hence

| HallBMOA=BMOA < clal[Bmoy,-

Necessity, step 1. Here we make the a priori assumption that a €
BM Oy, (and, that a satisfies (16)) and we set b(¢) = Ca(() as before.

If [b(0)| > L|b]laso,,, then

v

|Hall|pro = [0l Bro
~ 1
6(0)] > §HbHBMolog

> cllallBroy,:

|HallBMOA—BMOA

v

If |/b\(0)| < L[|bllBr10y,» then [|b]lss > 3|6l B0, and based on (12) we
find an arc I such that
(22) 2 4
2 2 log IIT /(
o, < ellwor, < < [ [ WEPQ = R)im:)
Through (14) we find an f € BMOA and the corresponding ¢(¢) = f(¢)
so that

(23) IfllBmo = 1, clog —

47
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The trivial variant of inequality (17) together with the estimates (18),
(20), (22) and (23) imply

[ Hal[Byoamyon = 1 Haf B0

1 , 2 2
> / / RESCRINERTID

1
C-A-B > c(1-cp ﬁr>u Bason,,

v

Hence, if |I| is smaller than a certain positive numerical constant we

find that

|HallBMOASBMOA > cllallBMmoOy, -

On the other hand, if || is larger than the same positive numerical
constant, then

||HGH%MOA—>BMOA > HH 1“%1\/10 = Hb”%MO
> o i/ / VR~ [2)dm(2)
10g2 47
> '// V()1 — |2[2)dm(2)

> CHCL“BMOlOg'
We conclude that if a is assumed to be in BMOy,, and satisfy (16)
then
| HallBMoa—BMOA > cllal[Bmoy,,

and, by the usual duality,
[Hollmsm 2 cllallbymoy,-

Lemma 3.1. If H, is bounded on H*, then for every f € H' and all
r <1 we have H,, f =r(Huf; ).

Proof. The operator H,, is bounded on H'! since a, is smooth. Ver-
ifying the equality involves a straightforward calculation using Fourier
series.

Necessity, step 2. Applying the a priori estimate of step 1 to the func-
tions a, we have

(24) [Ho Nl = cllar|Byoy, -

The lemma of Fatou with (12) implies that

(25) lallmio, < liminf[la[svo,,
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Now, Lemma 3.1 implies that for all f € H*

||Ha'rf”H1 < THHafr”Hl
< |NHallmrsmr || frlla
< |Hallmrsm || fll

and hence

(26) 1Ho g sm < [ Hallmnom

Relations (24), (25) and (26) complete the necessity part of Theo-
rem 1.6. O

4. PROOF OF THEOREM 1.7

Proof. Let a € VMO),, satisfy (16). Let r < 1 and take f,, € H* with
| follzr < 1. Choosing a subsequence, we may assume that there is a
function f € H! so that (f,), — f in H'. Since H, is bounded, we get
H,(f,)r — H,f in H' and, hence, H,, f,, = T(Ha(fn)r)r — r(Hyf), in
H'. Therefore, H,, is compact on H'. Finally, ||H,, — Hu|gi_m <
clla, — allsmo,,, — 0 as 7 — 1— and, hence, H, is compact on H".
Let a € BMOy,, satisfy (16). It is a consequence of the proof of
Theorem 1.6 that H, is bounded on VMOA. Indeed, taking any f &€
VMOA, (17) together with (12), (15), (18) and (20) imply that

1 / 2 _22 m(z
sup m//smmf)(zn (1~ |22)dm(z)
1

I,|I1<6

< e NalBwo, 1F 120 + cllall /)
= lOg 4771- BMOlog BMO BMO]Og I |[|<6 1Og2 TLTﬂ"

—0

as 0 — 0+. Therefore, (11) implies that H,f € VMOA.

Now, if we assume that H, is compact on H' then it is also compact
on VMOA, since H' is isomorphic to (VMOA)*. To get a contradiction
we suppose that a does not belong to VMOj.,. Then there exist some
6 > 0 and r,, — 1— such that

Ha’rn - a“BMOlog Z 5
This implies

HHarn - HGHBMOlog 2 66
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and we can choose f, € H' with || .||z < 1, so that
5 < ||Hap fo — Hofullim
= |ra(Ho(fa)rn), — Hafullm
(Ho(fo)rn),, — Hafullmr +o(1)
< N(Halfu)ra),, = Hafu)ralm + 1(Hafo)r, = Hofollan + o(1)
< [Ha(fo)r, = Hafollgr + [[(Hafn)r, — Hafollgr + o(1).

Taking a subsequence, if necessary, we may assume that there is a
v € H! so that H,f, — v in H'. Therefore

6 < NHa((fa)rn = fo) lr + 1 (Hafo)rw = vrallan =+ vr, — vl
v = Hafullmr + o(1)
= [Ha((fa)r = Jo) Lt + 0(1).
If we choose h, € VMOA with ||h,||smoa = 1 and

CHHa((fn)rn - fn)HHl < <Ha((fn>rn - fn)a hn>a

we have

o <

(Ha((fo)r, = fn), Tin) + o
= <(fn)rn me h ) ( )
(fo, (Hahn)p, — Hohy) + o(1).

Since H, is compact on VMOA, taking a subsequence once more we
see that there is a w € VMOA so that H,h,, — w in VMOA. Hence

cd < <fn> (Hahn)rn - wrn> + <fmwrn - w> + <fn7 w — Hahn> + 0(1)
< c[[(Huhn)r, — wr,|lB7o + cllwy, —w([Bmo + cllw — Hohyllsmo + o(1)
< cflwy, —wllsmo +o(1)
= o(1).

This is false and hence a € VMOjqg. O

5. FREDHOLMNESS OF TOEPLITZ OPERATORS

We start by proving the equivalence of the criteria (2) and (3) for
Fredholmness in Theorem 1.8. We use the symbol x,, for the functions

Xa(€)=¢",  ¢eT

Lemma 5.1. The functions in V + H> N BMO,,g can be approzimated
in the space L NBMOog by functions of the form x,h withn > 0 and
h € H>* N BMOjqg.
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Proof. Let v+b € V+ H>*NBMO),,. According to (3) of Theorem 2.2,
there are trigonometric polynomials py, such that ||v — pg||LenBmo,, —
0. Since

pr+be{xah : n>0, h€ H*NBMOy,},
the proof is complete. O

Proposition 5.2. Leta € V + H>® N BMOyog. Then a is invertible in
Y+ H®N BMOg if and only if a is bounded away from zero, that is,
there are € > 0 and > 0 such that

la(z)| > € forl—0<|z| <1.

Proof. If a is invertible in V + H* N BMO,,g, then it is obviously in-
vertible in C'+ H*> and thus bounded away from zero according to [7,
Theorem 6.45].

By the preceding lemma, there are N — 400 and corresponding
hy € H> N BMOlOg such that ||a — XNh'NHLOOOBMOlog — 0. By [7,
Theorem 6.45], hy is invertible in H>* with N sufficiently large. As
hn € BMOjqg, so is its inverse. Thus, xnyhy is invertible in V + H>N
BMO,. Now X_NhN_l —atin L>® N BMOy,g and so a~! is in the
closed space V + H*> N BMOyqg. O

It remains to show that the two conditions above are indeed sufficent
and necessary for Fredholmness. This follows from Theorem 5.6 and
Proposition 5.9 below.

Let us first consider two basic results for quite general symbols that
are needed in what follows.

Proposition 5.3. Let a,b € L N BMO,o,. Then

(27) T = 10T, + Ho Hy

(28) Hop = ToHy + Ho 15,

where b(¢) = b(1/¢), ¢ € T.

Proof. See, e.g., [3, Proposition 2.14]. O

The next theorem gives a necessary condition for Fredholmness—cf.
the well-known theorem of Simonenko in the case of 1 < p < oo.

Theorem 5.4. Let a € L N BMOy,. If T, is Fredholm, then
essinfeer a(C)| > 0;

in particular, the symbol is invertible in L> N BMOq,.
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Proof. Suppose that T, is Fredholm but essinfccr |a(¢)| = 0.

We consider a small ¢ > 0 and decompose a = u + v into real and
imaginary parts. Define u, = max(u,€) + min(u, —€) and v, by the
analogous formula. Now the function a. = u,. + v, is equal to 0 on a
set of positive measure and [|a — ac||z~nBmo,, — 0 as € — 0+. This
implies that || 7, — T, || — 0 as € — 0+ and, hence, that T}, is Fredholm
if € is small enough.

If T,.f = P(a.f) = 0, then Q(a.f) = a.f — P(a.f) = 0 on a set
of positive measure and, hence, Q(a.f) = 0. Therefore, a.f = 0 and,
if € is small enough (so that a. # 0) we find that f = 0 on a set of
positive measure. This implies that f = 0 and we conclude that T,
is one-to-one. The same is true for the dual operator (7, )" = Tj..
Therefore, T, is invertible.

Since Ty, is invertible, there is some f so that T, f = P(a.f) = 1.
Then Q(a.f) = a.f — P(a.f) = —1 on a set of positive measure and,
hence, Q(a.f) = —1 which is clearly impossible. O

Remark 5.5. We do not know whether Fredholmness of T, when a €
L*> and Qa € BMO,g, implies invertibility of the symbol in this symbol
class, which is optimal in the sense of boundedness.

We next turn our attention to the relation between the symbol class
V 4+ H* N BMO., and the space

A'={a € L*NBMOy, : H, € K(H")}
according to the following result.

Theorem 5.6. A! =V + H>® N BMO,,,.

Proof. If a = v + h for some v € V and h € H*® N BMO), then
Ha:Hv+Hh:HU7

which is compact according to Theorem 1.7. On the other hand, if H,
is compact, then Pia € VMO, according to Theorem 1.7. Therefore,
(7) implies that

a € lipiog +H>® N BMOjq €V + H® N BMO)qg -
O
Proposition 5.7. The space A" is a closed subalgebra of L NBMO).

Proof. The fact that the space is an algebra follows from Proposi-
tion 5.3. Suppose that a, — a in L N BMO)., with a, € A'. Then

1 Ho = Ha, || = [[Haa, || < c[|Pr(a = an)llgyo,, =0
(see Theorem 1.6). Thus, H, is compact. U
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Corollary 5.8. The space V + H>* N BMOy, is a Banach algebra.

Proof. This is immediate from the preceding two results. It can also
be proved directly. 0

The proof of the following theorem is based on an argument of
Bottcher and Silberman [2, ch. IV] when 1 < p < 0.

Proposition 5.9. Let a € A'. Then T, is Fredholm on H' if and only
if a is invertible in A?.

Proof. If a is invertible, then formula (27) shows that T,-: is a regu-
larizer of T,, and so T, is Fredholm.

If T, is Fredholm, then Theorem 5.4 implies that a is invertible in
L>* N BMO;eg. Since T, has a regularizer, say R, we can write

RT, = [ + K,
where K is compact. Therefore, by (28),
0=H,—+=T,H,—+ + H,/ T;-1.

This implies
Hyr — —KH,r — RH, Ty
and, hence, a=' € A'. O

6. INDEX FORMULA

For analytic symbols, the Fredholm properties of Toeplitz operators
on H' are well understood:

Theorem 6.1. For a € H>, the Toeplitz operator T, on H' is Fred-
holm if and only if a is bounded away from zero, in which case

Ind7T, = —inda,.
Proof. See [15, Theorem 10]. O

Our aim in this section is to show that the preceding formula also
holds for invertible symbols in the algebra V+ H>*°NBMO,,,. We start
with a preliminary lemma.

Lemma 6.2. Ifv eV and f € L™ NBMO,, then

(29) [(wf)r = v frl|LrBr0y,, — 0

asr — 1.
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Proof. From Lemma 2.61 of [3] it follows that ||(vf), — v.fr|| ., — O
Therefore, it is enough to show that ||(vf), — v,ﬂf,ﬂHBl\/Iolog — 0. Also,
since

[@f)r = vefelle < NWr = 0fell + 0fr = v ol

and |lv — UTHBMOIOg — 0 according to Theorem 2.2, it is sufficient to
prove that

||(Uf)7" - Uf?"”** - 0
For a function g : T — C, we write
94(¢) = g(CM)
when ¢,n7 € T. Then

0P = (@10 = 5= [ 06 = oAl

T Jp |1 =72

and we need to estimate the expression

_ logif
-7 /| — W) = ((Wf)r — vf)r] JdC]

_ log & i
/]

1 1—1?
™ T|1_Tﬁ|2

g7 [ wnl0) = oOn 11081}

logm/ /2“1 1—r?
- M Jp 2 1] Sy U=

~ (0y(0) — v(0)), 9)‘|d9|ldnlld<|~

((0a(©) = () fa(0)

(09 (€) = v()fn(C)

Write

(30)  (vq(C) = v(€)) f5(C) = (vy(0) — v(6)) f,(0)

) (€)= (v =0) 115 ()] + [(vg =) 1 (C) = (v —v) 1.£4(6)]
Uy = 0)1fy(0) = (vg(0) = v(0)) f,(0)] =2 Ju + T + T
Then

i / / ! 5 (1] + | o] + | Js]) |6 |dn]dc].
=1 Jier o ) |1




HANKEL AND TOEPLITZ TRANSFORMS ON H' 19

Let us first consider J;. We have

log 2 1 r2
Rk
1| |d6)|dn]|d
U | [ il
Hfll / — 2 logj |I|/
(v, —v);| |d¢||d
5 4(0) = 0(0) = (v — 01l
1Al [*7 1—1?
< e~ ol
™ Jo [1—r7
1£1] / 1—r?
=5 %= — llvg — I, |dn]
21 Jocpopies 1 =172 "

e R =
2m 6<\1—n\<2|1_7’ﬁ|2 ! -

Now given € > 0, there is 6 > 0 (according to Theorem 2.2) and r < 1
such that the above sum of two integrals can be estimated above by

1 o,y I
2w

o e2llvll

Similarly the part made of J3 can be shown to be as small as we wish
provided that r is sufficiently close to 1.
It remains to consider J,. Note that

(Un - U>If77(<> - (vn - U>If17(‘9>
= (vy = )1(fy(C) = (f)1) + (vy —0)r((f)r — [5(0))

and that it is sufficient to consider only one of the terms in the equality
above. Since, by the choice of § > 0 and r < 1,

L[ 1—? g u|
— — |v, — dc||d
o A 510 = (il

/1] / 1—r?
N vy — vl [dn]

27 0<|1—n|<s 11— r7? !

1—r?

N R

5<|1—n|<2 |1 — 72

can be made arbitrarily small, the proof is complete. O

Theorem 6.3. Ifa,bcV + H>N BMOog, then

| (ab), — arbr”meBMolog —0asr —1

Proof. The statement follows easily from the preceding lemma and the
fact (hg), = h,g, for h,g € H*. O
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Proof of the index formula. According to Lemma 5.1 and the general
theory of Fredholm operators, there is a function x,h (n > 0 and
h € H*>) that has the same index as a and generates a Toeplitz operator
that is Fredholm of the same index as T;,. Using Theorems 6.1 and 6.3,
and well-known properties of the index (of Fredholm operators and of
continuous functions), and [14, Lemma 5] saying that Ind 7, = —n,
we can conclude that for r sufficiently close to 1, we have

IndT,,, =IndT,, +Ind7,, (Atkinson)
= —n —ind h,

— — ind((xa)ehr)
= —ind(xnh),

= —inda,.
O

Proof of Theorem 1.8. Indeed this is an immediate consequence of Propo-
sitions 5.2 and 5.9, Theorem 5.6, and the preceding proof of the index
formula. 0
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